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ABSTRACT 

Methods, systems and apparatus for simulating quantum systems.  In one aspect, a method 

includes the actions of obtaining a first Hamiltonian describing the quantum system, wherein 

the Hamiltonian is written in a plane wave basis comprising N plane wave basis vectors; 

applying a discrete Fourier transform to the first Hamiltonian to generate a second 

Hamiltonian written in a plane wave dual basis, wherein the second Hamiltonian comprises a 

number of terms that scales at most quadratically with N; and simulating the quantum system 

using the second Hamiltonian.   
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PLANE WAVE DUAL BASIS FOR QUANTUM SIMULATION 

 

BACKGROUND 

[0001]  This specification relates to quantum computing.   

[0002]  Applications of quantum computing include quantum simulation.  The 

simulation of quantum systems, e.g., systems of electrons, has applications in a variety of 

different areas ranging from pharmaceutical synthesis to the design of novel catalysts and 

materials.  However, simulating complex quantum systems using classical techniques is 

untenable due to the exponential scaling of required resources as a function of system size N.  

Quantum computers and quantum simulation techniques can offer computationally feasible 

solutions to this task.   

[0003] This application is a divisional application of Australian patent application number 

2024204635 and is related to Australian patent application numbers  2023201068, 

2021215213 and 2018270115.  The contents of these earlier applications are hereby 

incorporated by reference. 

 

SUMMARY 

[0004]  This specification describes methods and systems for simulating quantum 

systems.  For example, this specification describes methods and systems for performing 

second quantized simulations of interacting electrons using a plane wave dual basis.   

[0005] In general, one innovative aspect of the subject matter described in this 

specification can be implemented in a method for simulating a quantum system, the method 

comprising: obtaining a first Hamiltonian describing the quantum system, wherein the 

Hamiltonian is written in a plane wave basis comprising N plane wave basis vectors; 

applying a fast Fourier transform to the first Hamiltonian to generate a second Hamiltonian 

written in a plane wave dual basis, wherein the second Hamiltonian comprises a number of 

terms that scales at most quadratically with N; and simulating the quantum system using the 

second Hamiltonian.  

[0006] Other implementations of these aspect include corresponding computer 

systems, apparatus, and computer programs recorded on one or more computer storage 

devices, each configured to perform the actions of the methods.  A system of one or more 

classical and/or quantum computers can be configured to perform particular operations or 

actions by virtue of having software, firmware, hardware, or a combination thereof installed 

BACKGROUND

solutions to this task.
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second Hamiltonian.
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on the system that in operation causes or cause the system to perform the actions.  One or 

more computer programs can be configured to perform particular operations or actions by 

virtue of including instructions that, when executed by data processing apparatus, cause the 

apparatus to perform the actions. 

[0007] The foregoing and other implementations can each optionally include one or 

more of the following features, alone or in combination.  In some implementations the first 

Hamiltonian comprises a kinetic energy operator T that is diagonal in the plane wave basis.  

[0008] In some implementations the second Hamiltonian comprises a potential energy 

operator and interaction term that are diagonal in the plane wave dual basis.   

[0009] In some implementations simulating the quantum system comprises using the 

first and second Hamiltonian.   

[00010] In some implementations simulating the quantum system comprises: 

simulating the kinetic energy operator in the plane wave basis; and simulating the potential 

energy operator in the plane wave dual basis.   

[00011] In some implementations simulating the quantum system comprises applying a 

Trotter decomposition to a unitary time evolution operator that is determined by the first or 

second Hamiltonian.  

[00012] In some implementations the Trotter decomposition is given by  

 

𝑈 = 𝑒−𝑖𝑇𝑡/2𝑒−𝑖(𝑉)𝑡𝑒−𝑖𝑇𝑡/2 + 𝑂(𝑡3), 

 

where U represents the unitary time evolution operator, T represents the kinetic operator and 

V represents the potential energy operator and the interaction term.   

[00013] In some implementations simulating the quantum system using the second 

Hamiltonian comprises performing a variational algorithm using a variational ansatz based on 

the Trotter decomposition.    

[00014] In some implementations V and T may be implemented at O(N) depth on a 

planar lattice.  

[00015] In some implementations the quantum system comprises a system of electrons 

and the first Hamiltonian comprises an electronic structure Hamiltonian.   

[00016] In some implementations the electronic structure Hamiltonian is given by 

 

first and second Hamiltonian.

second Hamiltonian.
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[00017] In some implementations the second Hamiltonian in the plane wave dual basis 

is given by 

 

[00018] In some implementations applying a discrete Fourier transform to the first 

Hamiltonian comprises applying a fermionic quantum Fourier transform.   

[00019] In some implementations operators in the electronic structure Hamiltonian in 

the plane wave basis and operators in the second Hamiltonian in the plane wave dual basis 

are exactly isospectral.   

[00020] In some implementations the plane wave dual basis comprises a set of 

functions representing a smooth approximation to a lattice grid obtained by applying a 

discrete Fourier transform to the plane wave basis.   

[00021] The subject matter described in this specification can be implemented in 

particular ways so as to realize one or more of the following advantages. 

[00022] Conventional techniques for simulating quantum systems, e.g., the electronic 

structure Hamiltonian, are typically computationally resource intense or intractable.  As an 

example, quantum simulation of the electronic structure problem is an extensively researched 

application of quantum computing.  Conventional quantum algorithms for simulating 

electronic structure Hamiltonians encode the wavefunctions using N nuclei-centered 

molecular orbitals, a convention inherited from classical methods.  The associated 

Hamiltonians have 𝑂(𝑁4) terms with N representing the number of basis functions required 

to represent the Hamiltonians, which may be more than can be simulated on near term 

quantum computers. 

[00023] A system performing quantum simulations using a plane wave dual basis, as 

described in this application, transforms Hamiltonians in a plane wave basis by application of 

a discrete Fourier transform to Hamiltonians in a plane wave dual basis, where the 

Hamiltonians in the plane wave dual basis have only 𝑂(𝑁2) terms.  This reduction in the 
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number of terms may provide several technical advantages.  The amount of processing 

required to perform a simulation may be reduced, e.g., quantum hardware used to simulate 

the quantum system in the plane wave dual basis may be simpler and/or require a shorter set 

up time and less control operations to perform the simulation.  This in turn can lead to a 

reduction in power resources consumed by the system, e.g., the quantum hardware used to 

simulate the quantum system in the plane wave dual basis may require less power to perform 

the simulation.   

[00024] For example, the number of measurements required when performing a 

variational algorithm to simulate a quantum system using a Hamiltonian in the plane wave 

dual basis may be fewer compared to simulating the quantum system using a Hamiltonian in 

the plane wave basis.   Each time a measurement is performed, the quantum system must be 

prepared in an initial state and operated on.  Accordingly, by reducing the number of 

measurements, the number of times the quantum system is prepared in an initial state and 

operated on is reduced, resulting in reduced processing, resources and simulation time.     

[00025] As another example, shorter Trotter steps can be implemented to simulate a 

quantum system when using a Hamiltonian in the plane wave dual basis compared to those 

implemented when a Hamiltonian in the plane wave basis is used.  Shorter Trotter steps result 

in fewer processing resources, e.g., shorter quantum circuits that implement the Trotter steps, 

and reduced power consumption.  Both of the above examples highlight the computational 

efficiency and cost reductions that the techniques described in this specification provide.   

[00026] In addition, a Hamiltonian can be broken up into two parts – a kinetic energy 

part and a potential energy part (potential energy operator and interaction term).  The 

potential energy part is a diagonal operator with O(𝑁2) terms in the plane wave dual basis.  

The kinetic energy part is a diagonal operator with O(𝑁2) terms in the plane wave basis.  In 

their diagonal basis, both operators can be represented as a sum of Pauli Z and ZZ terms, 

which can be implemented at O(N) depth on a planar lattice (i.e., near term quantum 

computing devices).   

[00027] Furthermore, by transforming a quantum state of a quantum system between 

the plane wave basis (where the kinetic energy operator is diagonal) and the plane wave dual 

basis (where the potential energy operator and interaction term are diagonal), e.g., using a 

fermionic quantum Fourier transform operator, Trotter steps can be simulated with O(N) 

depth on a planar lattice (i.e., on a near term quantum computing device).  A variational 

ansatz may then be constructed using the Trotter steps that may be used to define a simulation 

procedure for preparing ground states. 

the simulation.
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[00028] The details of one or more implementations of the subject matter of this 

specification are set forth in the accompanying drawings and the description below.  Other 

features, aspects, and advantages of the subject matter will become apparent from the 

description, the drawings, and the claims. 

 

 

BRIEF DESCRIPTION OF THE DRAWINGS 

[00029] FIG.  1 depicts an example system for simulating a physical system.   

[00030] FIG.  2 is a flow diagram of an example process for simulating a quantum 

system using a plane wave dual basis.   

[00031] Like reference numbers and designations in the various drawings indicate like 

elements. 

 

DETAILED DESCRIPTION 

Overview 

[00032] This specification describes techniques for simulating quantum systems such 

as the electronic structure Hamiltonian.  The techniques involve using a basis obtained from a 

unitary rotation of plane waves achieved via application of the quantum Fourier transform to 

the mode operators, called a plane wave dual basis.  The plane wave dual basis diagonalizes 

the potential energy term of a Hamiltonian written in a plane wave basis, resulting in a 

Hamiltonian with 𝑂(𝑁2) terms that can be efficiently simulated.     

 

 

Example hardware 

[00033] FIG.  1 depicts an example system 100 for simulating a physical system.  The 

example system 100 is an example of a system implemented as classical or quantum 

computer programs on one or more classical computers or quantum computing devices in one 

or more locations, in which the systems, components, and techniques described below can be 

implemented.   

[00034] The system 100 includes quantum hardware 102 in data communication with a 

classical processor 104.   

BRIEF DESCRIPTION OF THE DRAWINGS

elements.

20
26

20
16

56
   

   
04

 M
ar

 2
02

6

2
0
2
6
2
0
1
6
5
6
 
0
4
 
M
a
r
 
2
0
2
6

B
R
I
E
F
 
D
E
S
C
R
I
P
T
I
O
N
 
O
F
 
T
H
E
 
D
R
A
W
I
N
G
S

e
l
e
m
e
n
t
s
.

D
E
T
A
I
L
E
D
 
D
E
S
C
R
I
P
T
I
O
N



6 
 

[00035] The system 100 may receive as input data specifying a physical system that is 

to be modeled or simulated, e.g., input data 106.  For example, the received data may 

represent a material, e.g., a metal or polymer, or a chemical.   The input data may include 

data representing a first Hamiltonian characterizing the physical system that is to be modeled 

or simulated.  The first Hamiltonian may be written in a plane wave basis, as described in 

more detail below.   

[00036] The system 100 may generate as output data representing results of a 

simulation of the physical system of interest, e.g., output data 108.  The generated output data 

may be provided for further processing or analyzing.  For example, in cases where the 

physical system is a material, e.g., a metal or polymer, the generated output data may include 

data representing a simulated ground state of the physical system that may be used to 

determine properties of the material, e.g., its conductivity.  

[00037] The system 100 is configured to perform classical computations in 

combination with quantum computations using quantum hardware 102 and classical 

processors 104.  The quantum hardware 102 may include components for performing 

quantum computation.  For example, the quantum hardware 102 may include a quantum 

system 110 and control devices 112 for controlling the quantum system 112.   

[00038] The quantum system 110 may include one or more multi-level quantum 

subsystems, e.g., qubits or qudits.  In some implementations the multi-level quantum 

subsystems may be superconducting qubits, e.g., Gmon qubits.  The type of multi-level 

quantum subsystems that the system 100 utilizes is dependent on the physical system of 

interest.  For example, in some cases it may be convenient to include one or more resonators 

attached to one or more superconducting qubits, e.g., Gmon or Xmon qubits.  In other cases 

ion traps, photonic devices or superconducting cavities (with which states may be prepared 

without requiring qubits) may be used.  Further examples of realizations of multi-level 

quantum subsystems include fluxmon qubits, silicon quantum dots or phosphorus impurity 

qubits.  In some cases the multi-level quantum subsystems may be a part of a quantum 

circuit.  In this case the quantum hardware 102 may include one or more control devices 112 

that implement quantum logic gates on the quantum system 110.   

[00039] The type of control devices 112 included in the quantum hardware 102 depend 

on the type of qubits included in the quantum system 110.  For example, in some cases the 

control devices 112 may include devices that control the frequencies of qubits included in the 

quantum system 110, e.g., an excitation pulse generator and control lines that couple the 

qubits to the excitation pulse generator.  The control devices 112 may then cause the 

more detail below.
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frequency of each qubit to be adjusted towards or away from a quantum gate frequency of an 

excitation pulse on a corresponding control driveline. The control devices 112 may further 

include measurement devices, e.g., readout resonators.  Measurement results obtained via 

measurement devices may be provided to the classical processors 104 for processing and 

analyzing.   

[00040] The classical processors 104 are configured to receive the input data 106 

specifying the physical system to be modeled or simulated.  For example, the classical 

processor may receive input data representing a first Hamiltonian characterizing the physical 

system to be simulated or modeled, or may receive other data specifying the physical system 

to be simulated or modeled and generate a corresponding first Hamiltonian.   

[00041] The first Hamiltonian is written in a plane wave basis.  Plane waves are waves 

whose wave fronts, i.e., surfaces of constant phase, are infinite parallel planes.  A 

monochromatic or harmonic plane wave is a wave that has a single frequency such that the 

variation of amplitude is represented by a sine or cosine wave.  Plane waves form a set of 

delocalized periodic basis functions.  For example, in radial coordinates a basis of plane 

waves may be represented as complex exponentials given by 

 

φ𝜈(𝑟) = √
1

Ω
𝑒𝑖𝑘𝜈∙𝑟 

 

with 𝑘𝜈 = 2𝜋𝜈/Ω1/3 and 𝜈 ∈ [−𝑁
1

3, 𝑁
1

3]  ⊂ ℤ3, and where the length scale of the basis is 

parameterized by computational cell volume Ω.    

[00042] Plane waves have several desirable properties as a basis.  For example, their 

periodicity makes them a convenient choice for crystalline solids.  As another example, by 

choosing the computational cell volume in which the periodic boundary conditions of the 

plane wave basis are defined to be sufficiently large or by using a truncated Coulomb 

operator, plane waves can be used to represent finite systems such as molecules.   

[00043] The classical processors 104 process the received data representing the first 

Hamiltonian in the plane wave basis using a Hamiltonian transformation module 114 to 

generate data representing a corresponding second Hamiltonian written in a plane wave dual 

basis, e.g., data 116.  The plane wave dual basis can be obtained by applying a unitary 

discrete Fourier transformation to the plane wave basis.   
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The unitary discrete Fourier transform of the plane wave basis can be computed in each 

dimension separately as 

 

𝜙𝑝𝑥
(𝑥) = √

1

𝑁1/3
∑ (𝑒

−2𝜋𝑖
𝑝𝑥

𝑁
1
3)

𝜈𝑥′

φ𝜈𝑥
(𝑥) =  

1

(Ω𝑁)1/6
∑ 𝑒𝑥𝑝 [2𝜋𝑖 (

𝑥

Ω1/3
−

𝑝𝑥

𝑁1/3
)]

𝜈𝑥

𝜈𝑥𝜈𝑥

 

 

where 𝜙𝑝𝑥
(𝑥) represents the x-component of the plane wave dual basis function 𝜙𝑝(𝑟) =

𝜙𝑝𝑥
(𝑥)𝜙𝑝𝑦

(𝑦)𝜙𝑝𝑧
(𝑧), φ𝜈𝑥

(𝑥) represents the x-component of the plane wave basis function  

𝜙𝜈(𝑟) = 𝜙𝜈𝑥
(𝑥)𝜙𝜈𝑦

(𝑦)𝜙𝜈𝑧
(𝑧), 𝜈 = (𝜈𝑥, 𝜈𝑦, 𝜈𝑧) and 𝑟 = (𝑥, 𝑦, 𝑧).   Since 𝜙𝑝𝑥

(𝑥) takes the 

form of a geometric series, a closed form representation of the plane wave dual basis 

functions 𝜙𝑝(𝑟) resembling a smooth approximation to a grid with lattice sites at the 

locations 𝑟𝑝 = 𝑝(Ω/𝑁)1/3 can be obtained.   

[00044] The classical processors 104 may use both the first Hamiltonian and outputs 

from the Hamiltonian transformation module to simulate the physical system specified by the 

input data 106, e.g., to simulate unitary evolution of the physical system.  For example, the 

classical processors 104 may be configured to simulate multiple Trotter steps under the 

kinetic energy operator in the first Hamiltonian (the Hamiltonian in which the kinetic energy 

operator is diagonal) and the potential energy operator and interaction term of the second 

Hamiltonian (the Hamiltonian in which the potential energy operator and interaction term are 

diagonal). 

[00045] Alternatively, the quantum hardware 102 may be configured to simulate the 

evolution of the physical system specified by the input data 106 using the first Hamiltonian 

and the second Hamiltonian.  For example, the classical processors 104 may be configured to 

provide the quantum hardware 102 with data representing the kinetic energy operator in the 

plane wave basis and the potential energy operator and interaction term in the plane wave 

dual basis, e.g., data 118, to the quantum hardware 102.   

[00046] The quantum hardware 102 may be configured to use the received data to 

implement multiple Trotter steps under the kinetic energy operator in the first Hamiltonian 

(the Hamiltonian in which the kinetic energy operator is diagonal) and the potential energy 

operator and interaction term of the second Hamiltonian (the Hamiltonian in which the 
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potential energy operator and interaction term are diagonal) by applying a quantum circuit 

effecting a unitary operator that is dependent on the first Hamiltonian and the second 

Hamiltonian on a state of the quantum system 110.   

 

Programming the hardware 

[00047] FIG.  2 is a flow diagram of an example process 200 for simulating a quantum 

system.  For convenience, the process 200 will be described as being performed by a system 

of one or more classical or quantum computing devices located in one or more locations.  For 

example, a quantum computation system, e.g., the system 100 of FIG.  1, appropriately 

programmed in accordance with this specification, can perform the process 200. 

[00048] The system obtains a first Hamiltonian describing the quantum system to be 

simulated.  For example, the first Hamiltonian may be a Hamiltonian describing a material, 

e.g., a polymer airplane wing or rocket, solar cells, batteries, catalytic converts or thin-film 

electronics,  or a Hamiltonian describing a chemical.  The first Hamiltonian is written in a 

plane wave basis that includes N plane wave basis vectors, as described in more detail above 

with reference to FIG.  1.     

[00049] The first Hamiltonian may include three terms – a kinetic energy operator T, 

an interaction term V, and a potential energy operator U.  The kinetic energy operator T is a 

one-body operator that is diagonal in the plane wave basis.  The interaction term V is a two-

body operator that may not be diagonal in the plane wave basis.  The potential energy 

operator U is a one-body operator that may not be diagonal in the plane wave basis.   

[00050] In some implementations the process 200 may be used to simulate a system of 

electrons.  In these implementations the first Hamiltonian may include an electronic structure 

Hamiltonian given by 

 

𝐻 = 𝑇 + 𝑈 + 𝑉 

with 

𝑇 =
1

2
∑ 𝑘𝑝

2𝑐𝑝,𝜎
† 𝑐𝑝,𝜎

𝑝,𝜎

                                                                     

𝑈 = −
4𝜋

Ω
∑ (𝜁𝑗

𝑒𝑖𝑘𝑝−𝑞∙𝑅𝑗

𝑘𝑞−𝑝
2

) 𝑐𝑝,𝜎
† 𝑐𝑞,𝜎′

𝑝≠𝑞,𝑗,𝜎,𝜎′

                               

𝑉 =
2𝜋

Ω
∑

𝑐𝑝,𝜎
† 𝑐𝑞,𝜎′

† 𝑐𝑝+𝜈,𝜎′𝑐𝑞−𝜈,𝜎

𝑘𝜈
2

(𝑝,𝜎)≠(𝑞,𝜎′),𝜈≠0

                   (1) 

with reference to FIG. 1.

with

1
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where the plane wave basis is defined subject to periodic boundary conditions in a 

computational cell of volume Ω, 𝑐𝑝
†, 𝑐𝑝 represent fermionic annihilation and creation 

operators, 𝜎 ∈ {1, −1} represents a spin degree of freedom, 𝑅𝑗 represents nuclei coordinates, 

𝜁𝑗 represents nuclei charges, and where the operators have been truncated to the support of 

plane waves with frequencies 𝑘𝜈 = 2𝜋𝜈/Ω1/3 such that 𝜈 represents a three-dimensional 

vector of integers with elements in [−𝑁1/3, 𝑁1/3] with N representing system size.  In the 

summation notation of Equation (1), addition of momenta is carried out modulo the 

maximum momentum.   

[00051] The system applies a unitary discrete Fourier transform, e.g., a fermionic 

quantum Fourier transform, to the first Hamiltonian in the plane wave basis to generate a 

second Hamiltonian in a plane wave dual basis (step 204).  The plane wave dual basis and its 

relation to the plane wave basis is described in more detail above with reference to FIG.  1.    

[00052] The second Hamiltonian may also include three terms – a kinetic energy 

operator T’, an interaction term V’, and a potential energy operator U’.  The kinetic energy 

operator T’ may not be diagonal in the plane wave dual basis.  The potential energy operator 

U’ is a one-body operator that is diagonal in the plane wave dual basis.  The interaction term 

V’ is a two-body operator that is diagonal in the plane wave dual basis.  In cases where the 

process 200 is used to simulate a system of electrons and the first Hamiltonian is given by the 

electronic structure Hamiltonian described above with reference to step 202, the second 

Hamiltonian in the plane wave dual basis may be given by 

 

𝐻′ = 𝑇′ + 𝑈′ + 𝑉′ 

with 

 

   𝑇′ =
1

2𝑁
∑ 𝑘𝜈

2cos [𝑘𝜈 ∙ 𝑟𝑞−𝑝]𝑎𝑝,𝜎
† 𝑎𝑞,𝜎

𝜈,𝑝,𝑞,𝜎

                                                                     

𝑈′ = −
1

𝑁
∑ ∑ 𝜁𝑗𝑉𝑝−𝑞exp [𝑖𝑘𝑞−𝑝   

𝑝≠𝑞,𝑗,𝜎𝑝′,𝑞′

∙ (𝑅𝑗 − 𝑟𝑝′)](𝑎𝑝′,𝜎
† 𝑎𝑞′,𝜎exp [𝑖𝑘𝑞 ∙ 𝑟𝑞′−𝑝′])                      

          = −
4𝜋

Ω
∑

𝜁𝑗cos [𝑘𝜈 ∙ (𝑅𝑗 − 𝑟𝑝)]

𝑘𝜈
2

𝑛𝑝,𝜎

𝑝,𝜎,𝑗≠0,𝜈≠0
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and  

 

𝑉′ =
2𝜋

Ω
∑

cos [𝑘𝜈 ∙ (𝑟𝑝−𝑞)]

𝑘𝜈
2

𝑛𝑝,𝜎𝑛𝑞,𝜎′

(𝑝,𝜎)≠(𝑞,𝜎′),𝜈≠0

                   (2) 

 

where Ω represents computational cell volume, 𝑎𝑝
†, 𝑎𝑝 represent fermionic annihilation and 

creation operators defined via 𝑐𝜈
† = √

1

𝑁
∑ 𝑎𝑝

†𝑒−𝑖𝑘𝜈∙𝑟𝑝
𝑝  and 𝑐𝜈 = √

1

𝑁
∑ 𝑎𝑝𝑒𝑖𝑘𝜈∙𝑟𝑝

𝑝 , 𝑛𝑝 = 𝑎𝑝
†𝑎𝑝, 

𝜎 ∈ {1, −1} represents a spin degree of freedom, 𝑅𝑗 represents nuclei coordinates, 𝜁𝑗 

represents nuclei charges, and where the operators have been truncated to the support of 

plane waves with frequencies 𝑘𝜈 = 2𝜋𝜈/Ω1/3 such that 𝜈 represents a three-dimensional 

vector of integers with elements in [−𝑁1/3, 𝑁1/3] with N representing system size, and 𝑟𝑝 =

𝑝 (
Ω

𝑁
)

1/3
represents lattice site locations (see FIG.  1).   

[00053] In the plane wave dual basis, the second Hamiltonian includes 𝑂(𝑁2) terms.  

Due to the unitarity of the discrete Fourier transform, the operators in Equations (1) and (2) 

are exactly isospectral - there is no loss of accuracy associated with using one representation 

instead of the other.  Thus, the plane wave dual basis offers all advantages of the plane wave 

basis whilst including only 𝑂(𝑁2) terms and therefore being more efficient to simulate.    

[00054] The system simulates the quantum system using the second Hamiltonian (step 

206).  Simulating the quantum system may include using both the first Hamiltonian described 

in Equation (1) and the second Hamiltonian described in Equation (2).  For example, 

simulating the quantum system may include simulating the kinetic energy operator in the 

plane wave basis (the basis in which the kinetic energy operator is diagonal) and simulating 

the potential energy operator and the interaction term in the plane wave dual basis (the basis 

in which the potential energy operator and the interaction term are diagonal).   

[00055] Simulating the quantum system may include applying a Trotter decomposition 

to a unitary time evolution operator that is determined by the first or second Hamiltonian.  

For example, the Trotter decomposition may be given by  

 

𝑈 = 𝑒−𝑖𝑇𝑡/2𝑒−𝑖𝑉𝑡𝑒−𝑖𝑇𝑡/2 + 𝑂(𝑡3), 

 

and
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where U represents the unitary time evolution operator, T represents the kinetic energy 

operator and V represents the potential energy term (potential energy operator and interaction 

term).  In some implementations simulating the quantum system using the second 

Hamiltonian may include performing a variational algorithm using a variational ansatz based 

on the Trotter decomposition.   

[00056] In some cases it may be beneficial to map the first Hamiltonian in the plane 

wave basis and the second Hamiltonian in the plane wave dual basis to a qubit Hamiltonian 

before simulating the quantum system, e.g., using the Jordan-Wigner transformation.  In the 

qubit Hamiltonian, the kinetic energy operator and the potential energy term may be 

represented in terms of pauli Z and ZZ operators, for which efficient quantum circuits exist.   

[00057] Results of the simulation performed by the system can be provided for 

analysis and post processing.  For example, in some cases the first Hamiltonian may be an 

electronic structure Hamiltonian that characterizes the electronic structure of a 

semiconductor.  In these cases simulating the quantum system may include simulating 

properties of the semiconductor, e.g., simulating the conductivity or resistance of the 

semiconductor.  Such simulation results may be used to fabricate semiconductor devices, e.g., 

integrated circuits.   

[00058] As another example, in some cases the first Hamiltonian may be an electronic 

structure Hamiltonian that characterizes a catalyst.  In these cases simulating the quantum 

system may include simulating properties of the catalyst, e.g., simulating catalytic activity.  

Such simulation results may be used to fabricate catalysts, e.g., electrocatalysts or 

biocatalysts.   

[00059] In some implementations the system may use the obtained first Hamiltonian in 

the plane wave basis and the generated second Hamiltonian in the plane wave dual basis to 

perform additional operations.  For example, the system may efficiently prepare the quantum 

system in an initial state for classes of interesting physical systems whose ground state is well 

approximated by a mean-field state of delocalized electron orbitals, or may use the different 

Hamiltonians to perform quantum measurements with increased efficiency, by rotating the 

quantum system from the plane wave dual basis (where the potential energy operator and 

interaction term are diagonal) to the plane wave basis (where the kinetic operator is diagonal) 

using an efficient quantum circuit that is related to the fast Fourier transform.  

 

[00060] Implementations of the digital and/or quantum subject matter and the digital 

functional operations and quantum operations described in this specification can be 

electronic structure Hamiltonian that characterizes the electronic structure of a
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implemented in digital electronic circuitry, suitable quantum circuitry or, more generally, 

quantum computational systems, in tangibly-embodied digital and/or quantum computer 

software or firmware, in digital and/or quantum computer hardware, including the structures 

disclosed in this specification and their structural equivalents, or in combinations of one or 

more of them.  The term “quantum computational systems” may include, but is not limited to, 

quantum computers, quantum information processing systems, quantum cryptography 

systems, or quantum simulators.   

[00061] Implementations of the digital and/or quantum subject matter described in this 

specification can be implemented as one or more digital and/or quantum computer programs, 

i.e., one or more modules of digital and/or quantum computer program instructions encoded 

on a tangible non-transitory storage medium for execution by, or to control the operation of, 

data processing apparatus.  The digital and/or quantum computer storage medium can be a 

machine-readable storage device, a machine-readable storage substrate, a random or serial 

access memory device, one or more qubits, or a combination of one or more of them.  

Alternatively or in addition, the program instructions can be encoded on an artificially-

generated propagated signal that is capable of encoding digital and/or quantum information, 

e.g., a machine-generated electrical, optical, or electromagnetic signal, that is generated to 

encode digital and/or quantum information for transmission to suitable receiver apparatus for 

execution by a data processing apparatus. 

[00062] The terms quantum information and quantum data refer to information or data 

that is carried by, held or stored in quantum systems, where the smallest non-trivial system is 

a qubit, i.e., a system that defines the unit of quantum information.  It is understood that the 

term “qubit” encompasses all quantum systems that may be suitably approximated as a two-

level system in the corresponding context.  Such quantum systems may include multi-level 

systems, e.g., with two or more levels.  By way of example, such systems can include atoms, 

electrons, photons, ions or superconducting qubits.  In many implementations the 

computational basis states are identified with the ground and first excited states, however it is 

understood that other setups where the computational states are identified with higher level 

excited states are possible.  

[00063] The term “data processing apparatus” refers to digital and/or quantum data 

processing hardware and encompasses all kinds of apparatus, devices, and machines for 

processing digital and/or quantum data, including by way of example a programmable digital 

processor, a programmable quantum processor, a digital computer, a quantum computer, 

multiple digital and quantum processors or computers, and combinations thereof.  The 
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apparatus can also be, or further include, special purpose logic circuitry, e.g., an FPGA (field 

programmable gate array), an ASIC (application-specific integrated circuit), or a quantum 

simulator, i.e., a quantum data processing apparatus that is designed to simulate or produce 

information about a specific quantum system.  In particular, a quantum simulator is a special 

purpose quantum computer that does not have the capability to perform universal quantum 

computation.  The apparatus can optionally include, in addition to hardware, code that creates 

an execution environment for digital and/or quantum computer programs, e.g., code that 

constitutes processor firmware, a protocol stack, a database management system, an operating 

system, or a combination of one or more of them. 

[00064] A digital computer program, which may also be referred to or described as a 

program, software, a software application, a module, a software module, a script, or code, can 

be written in any form of programming language, including compiled or interpreted 

languages, or declarative or procedural languages, and it can be deployed in any form, 

including as a stand-alone program or as a module, component, subroutine, or other unit 

suitable for use in a digital computing environment.  A quantum computer program, which 

may also be referred to or described as a program, software, a software application, a module, 

a software module, a script, or code, can be written in any form of programming language, 

including compiled or interpreted languages, or declarative or procedural languages, and 

translated into a suitable quantum programming language, or can be written in a quantum 

programming language, e.g., QCL or Quipper.   

[00065] A digital and/or quantum computer program may, but need not, correspond to 

a file in a file system.  A program can be stored in a portion of a file that holds other 

programs or data, e.g., one or more scripts stored in a markup language document, in a single 

file dedicated to the program in question, or in multiple coordinated files, e.g., files that store 

one or more modules, sub-programs, or portions of code.  A digital and/or quantum computer 

program can be deployed to be executed on one digital or one quantum computer or on 

multiple digital and/or quantum computers that are located at one site or distributed across 

multiple sites and interconnected by a digital and/or quantum data communication network.  

A quantum data communication network is understood to be a network that may transmit 

quantum data using quantum systems, e.g.  qubits.  Generally, a digital data communication 

network cannot transmit quantum data, however a quantum data communication network 

may transmit both quantum data and digital data. 

[00066] The processes and logic flows described in this specification can be performed 

by one or more programmable digital and/or quantum computers, operating with one or more 
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digital and/or quantum processors, as appropriate, executing one or more digital and/or 

quantum computer programs to perform functions by operating on input digital and quantum 

data and generating output.  The processes and logic flows can also be performed by, and 

apparatus can also be implemented as, special purpose logic circuitry, e.g., an FPGA or an 

ASIC, or a quantum simulator, or by a combination of special purpose logic circuitry or 

quantum simulators and one or more programmed digital and/or quantum computers.   

[00067] For a system of one or more digital and/or quantum computers to be 

“configured to” perform particular operations or actions means that the system has installed 

on it software, firmware, hardware, or a combination of them that in operation cause the 

system to perform the operations or actions.  For one or more digital and/or quantum 

computer programs to be configured to perform particular operations or actions means that 

the one or more programs include instructions that, when executed by digital and/or quantum 

data processing apparatus, cause the apparatus to perform the operations or actions.  A 

quantum computer may receive instructions from a digital computer that, when executed by 

the quantum computing apparatus, cause the apparatus to perform the operations or actions. 

[00068] Digital and/or quantum computers suitable for the execution of a digital and/or 

quantum computer program can be based on general or special purpose digital and/or 

quantum processors or both, or any other kind of central digital and/or quantum processing 

unit.  Generally, a central digital and/or quantum processing unit will receive instructions and 

digital and/or quantum data from a read-only memory, a random access memory, or quantum 

systems suitable for transmitting quantum data, e.g.  photons, or combinations thereof .   

[00069] The essential elements of a digital and/or quantum computer are a central 

processing unit for performing or executing instructions and one or more memory devices for 

storing instructions and digital and/or quantum data.  The central processing unit and the 

memory can be supplemented by, or incorporated in, special purpose logic circuitry or 

quantum simulators.  Generally, a digital and/or quantum computer will also include, or be 

operatively coupled to receive digital and/or quantum data from or transfer digital and/or 

quantum data to, or both, one or more mass storage devices for storing digital and/or quantum 

data, e.g., magnetic, magneto-optical disks, optical disks, or quantum systems suitable for 

storing quantum information.  However, a digital and/or quantum computer need not have 

such devices.   

[00070] Digital and/or quantum computer-readable media suitable for storing digital 

and/or quantum computer program instructions and digital and/or quantum data include all 

forms of non-volatile digital and/or quantum memory, media and memory devices, including 

such devices.
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by way of example semiconductor memory devices, e.g., EPROM, EEPROM, and flash 

memory devices; magnetic disks, e.g., internal hard disks or removable disks; magneto-

optical disks; CD-ROM and DVD-ROM disks; and quantum systems, e.g., trapped atoms or 

electrons.  It is understood that quantum memories are devices that can store quantum data 

for a long time with high fidelity and efficiency, e.g., light-matter interfaces where light is 

used for transmission and matter for storing and preserving the quantum features of quantum 

data such as superposition or quantum coherence.   

[00071] Control of the various systems described in this specification, or portions of 

them, can be implemented in a digital and/or quantum computer program product that 

includes instructions that are stored on one or more non-transitory machine-readable storage 

media, and that are executable on one or more digital and/or quantum processing devices.  

The systems described in this specification, or portions of them, can each be implemented as 

an apparatus, method, or system that may include one or more digital and/or quantum 

processing devices and memory to store executable instructions to perform the operations 

described in this specification. 

[00072] While this specification contains many specific implementation details, these 

should not be construed as limitations on the scope of what may be claimed, but rather as 

descriptions of features that may be specific to particular implementations.  Certain features 

that are described in this specification in the context of separate implementations can also be 

implemented in combination in a single implementation.  Conversely, various features that 

are described in the context of a single implementation can also be implemented in multiple 

implementations separately or in any suitable sub-combination.  Moreover, although features 

may be described above as acting in certain combinations and even initially claimed as such, 

one or more features from a claimed combination can in some cases be excised from the 

combination, and the claimed combination may be directed to a sub-combination or variation 

of a sub-combination. 

[00073] Similarly, while operations are depicted in the drawings in a particular order, 

this should not be understood as requiring that such operations be performed in the particular 

order shown or in sequential order, or that all illustrated operations be performed, to achieve 

desirable results.  In certain circumstances, multitasking and parallel processing may be 

advantageous.  Moreover, the separation of various system modules and components in the 

implementations described above should not be understood as requiring such separation in all 

implementations, and it should be understood that the described program components and 

one or more features from a claimed combination can in some cases be excised from the

of a sub-combination.
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systems can generally be integrated together in a single software product or packaged into 

multiple software products. 

[00074] Particular implementations of the subject matter have been described.  Other 

implementations are within the scope of the following claims.  For example, the actions 

recited in the claims can be performed in a different order and still achieve desirable results.  

As one example, the processes depicted in the accompanying figures do not necessarily 

require the particular order shown, or sequential order, to achieve desirable results.  In some 

cases, multitasking and parallel processing may be advantageous. 

[00075] It is to be understood that, if any prior art publication is referred to herein, 

such reference does not constitute an admission that the publication forms a part of the 

common general knowledge in the art, in Australia or any other country. 

[00076] In the claims which follow and in the preceding description, except where the 

context requires otherwise due to express language or necessary implication, the word 

“comprise” or variations such as “comprises” or “comprising” is used in an inclusive sense, 

i.e. to specify the presence of the stated features but not to preclude the presence or addition 

of further features in various embodiments.  Similarly, the word “device” is used in a broad 

sense and is intended to cover the constituent parts provided as an integral whole as well as 

an instantiation where one or more of the constituent parts are provided separate to one 

another. 

  

another.

17

20
26

20
16

56
   

   
04

 M
ar

 2
02

6

2
0
2
6
2
0
1
6
5
6
 
0
4
 
M
a
r
 
2
0
2
6

a
n
o
t
h
e
r
.

1
7



18 

CLAIMS 

 

1. A method performed by quantum computing hardware, the method comprising: 

measuring a kinetic energy and potential energy of a physical quantum system, comprising:  

configuring a first plurality of qubits included in the quantum computing hardware according 

to a first qubit Hamiltonian, wherein the first qubit Hamiltonian comprises a kinetic energy 

operator in a plane wave basis; 

configuring a second plurality of qubits included in the quantum computing hardware 

according to a second qubit Hamiltonian, wherein the second qubit Hamiltonian comprises a 

potential energy operator in a plane wave dual basis; and 

simulating, by the quantum computing hardware, the quantum system using the first 

qubit Hamiltonian and the second qubit Hamiltonian. 

 

2. A method for simulating a quantum system, comprising: 

  configuring quantum computing hardware comprising a plurality of qubits and one or 

more control devices according to a qubit Hamiltonian, wherein the qubit Hamiltonian 

comprises a mapping of a first Hamiltonian of the quantum system written in a plane wave 

basis to a second Hamiltonian written in a plane wave dual basis, wherein the second 

Hamiltonian comprises a number of terms that scales at most quadratically with N, where N 

is a number of plane wave basis vectors; and  

 simulating, by the quantum computing hardware, the quantum system using the qubit 

Hamiltonian.  

 

3. The method of claim 2, wherein simulating the quantum system using the qubit 

Hamiltonian comprises : 

 preparing the plurality of qubits in an initial state; 

 simulating unitary evolution of the plurality of qubits using the qubit Hamiltonian; 

and  

 measuring the plurality of qubits.   

 

4. The method of claim 2, wherein simulating the quantum system using the qubit 

Hamiltonian comprises using the first Hamiltonian and the second Hamiltonian.     

 

CLAIMS

1.

2.

Hamiltonian.

3.

and

4.
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5. The method of claim 2, wherein the first Hamiltonian comprises a kinetic energy 

operator T that is diagonal in the plane wave basis.  

 

6. The method of claim 2 or 5, wherein the second Hamiltonian comprises a potential 

energy operator and interaction term that are diagonal in the plane wave dual basis.   

 

7. The method of claim 4 and 6, wherein simulating the quantum system comprises: 

 simulating the kinetic energy operator in the plane wave basis; and  

 simulating the potential energy operator and the interaction term in the plane wave 

dual basis.   

 

8. The method of any one of claims 2 to 7, wherein simulating the quantum system 

comprises: 

 applying a Trotter decomposition to a unitary time evolution operator that is 

determined by the first Hamiltonian or the second Hamiltonian.  

 

9. The method of claim 8, wherein the Trotter decomposition is given by  

 

𝑈 = 𝑒−𝑖𝑇𝑡/2𝑒−𝑖𝑉𝑡𝑒−𝑖𝑇𝑡/2 + 𝑂(𝑡3), 

 

where U represents the unitary time evolution operator, T represents a kinetic operator and V 

represents a potential energy term comprising a potential energy operator and an interaction 

term.   

 

10. The method of claim 8 or 9, wherein simulating the quantum system using the qubit 

Hamiltonian comprises performing a variational algorithm using a variational ansatz based on 

the Trotter decomposition.    

 

11. The method of any preceding claim, wherein the quantum system comprises a system 

of electrons and the first Hamiltonian comprises an electronic structure Hamiltonian.   

 

12. The method of claim 11, wherein the electronic structure Hamiltonian is given by 

5.

7.

dual basis.
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where kp represents plane wave frequencies, 𝑐𝑝
†, 𝑐𝑝 represent fermionic annihilation and 

creation operators, 𝜎 ∈ {1,−1} represents a spin degree of freedom, 𝑅𝑗 represents nuclei 

coordinates, 𝜁𝑗 represents nuclei charges and Ω is the volume of the quantum system.  

 

13. The method of claim 12, wherein the second Hamiltonian in the plane wave dual basis 

is given by 

 

where 𝑎𝑝
† , 𝑎𝑝 represent fermionic annihilation and creation operators in the dual plane wave 

basis, rp represents lattice site locations and 𝑛𝑝 = 𝑎𝑝
†𝑎𝑝. 

 

14. The method of claim 13, wherein applying a discrete Fourier transform to the first 

Hamiltonian comprises applying a fermionic quantum Fourier transform.   

 

15. The method of any one of claims 11 to 14, wherein operators in the electronic 

structure Hamiltonian in the plane wave basis and operators in the second Hamiltonian in the 

plane wave dual basis are exactly isospectral.   

 

16. The method of any preceding claim, wherein the plane wave dual basis comprises a 

set of functions representing a smooth approximation to a lattice grid obtained by applying a 

discrete Fourier transform to the plane wave basis.   

 

17. An apparatus comprising: 

 quantum computing hardware comprising: 

a quantum system comprising one or more qubits, and 

one or more control devices configured to operate the quantum system;  

j,v=0

v#0
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wherein the apparatus is configured to perform operations comprising a method 

according to any preceding claim. 
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